We analyze the controllability and observability (C/O) 
Introduction and Motivation
The quantity of water within each region of a polymer electrolyte membrane fuel cell ͑PEMFC͒ directly affects the system performance, efficiency, and durability. High membrane humidity is desirable for proton conductivity, yet excess liquid water in the cathode catalyst layer ͑at high current density͒ and in the gas channels have been experimentally shown to be a cause of output voltage degradation ͓1-3͔. Although critical for extending high power operation, cathode catalyst flooding is typically treated as a materials design problem ͓4͔ rather than a subject for active control, as opposed to channel flooding, where the gas flow rate and inlet relative humidity can be effectively applied as actuators. Due to the low gas velocity in the anode channel, liquid water removal from this volume is more difficult than the cathode ͓5͔. The anode water management issue is also very important because of the cost, weight, and system packaging requirements ͑component size͒ of anode systems, where hydrogen grade plumbing is required. However, the techniques outlined in this paper are not unique to the anode side liquid distribution, and one could perform the same analysis for the cathode.
Liquid water exiting the gas diffusion layer ͑GDL͒ and accumulating in the anode channel impedes the ability of hydrogen to enter the GDL and reach the membrane, ultimately reducing the fuel cell active area ͓6͔ and causing a decrease in cell voltage, which is however recoverable. Removal of accumulated liquid water is necessary to regain performance and is typically accomplished by intermittently increasing an inlet flow ͑e.g., anode H 2 supply͒. While it is generally understood that hydrophobicity of the GDL porous media facilitates the liquid transport from GDL to channel and the accumulation of water in the channel effects, the GDL liquid water distribution ͓1,2,5͔, the interaction between GDL and channel liquid water has yet to be addressed from a controls perspective. This is a critical step for the establishment of algorithms to control liquid water within the fuel cell.
The use of a one-dimensional ͑1D͒ channel-to-channel unit fuel cell model illustrates the control objectives and analysis techniques. Extension of the unit cell model to along the channel dimension is the subject of ongoing research, so that the C/O analysis can be applied to interpret the effects of spatial variations occurring along the channel in large stacks.
The model from Ref. ͓7͔ describing the multicomponent ͑reac-tants and water͒, two-phase ͑vapor and liquid water͒, spatiallydistributed, dynamic behavior across the GDL ͑Fig. 1͒ is employed to study controllability/observability ͑C/O͒ for fuel cell water management. The time-varying constituent distributions in the GDL of each electrode are described by three second-order parabolic partial differential equations ͑PDEs͒ for reactant ͑oxy-gen in the cathode and hydrogen in the anode͒ concentration, water vapor concentration, and liquid water volume. The electrochemical reactions on, and the mass transport through, the catalyst-covered membrane couple the anode and cathode behaviors and, together with the channel conditions, provide the timevarying boundary values for these PDEs.
A C/O analysis based on linearization around different operating points shows that it is mathematically possible to control the GDL-channel boundary conditions ͑BC͒, which is critical for the stabilization of the liquid water states in the fuel cell channels. It is demonstrated that the C/O is affected by the operating point. For example, greater controllability of the liquid water modes is obtained when the channel condition is subsaturated than when it is saturated. On the other hand, during anode channel flooding ͑which is associated with channel vapor saturation͒, the GDL anode liquid water becomes uncontrollable, yet observability is gained using cell voltage output.
Fuel Cell Model
A summary of the first principles model for the anode will be provided here. The details of the model are identical to those presented in Ref. ͓7͔ and validation of the model can be found in Ref.
͓8͔.
We proceed with a one-dimensional treatment focusing on the anode, using the following assumptions.
1. The model is spatially isothermal. 2. Convective flow of the gases in the GDL is neglected. 3. Mass transport is in 1-D, normal to the membrane. 4. Water transport out of the anode channel is in vapor form. 5. A uniform current density exists across the unit cell.
We designate x as the spatial variable, with x = 0 corresponding to the membrane location and x = L corresponding to the anode channel location as shown in Fig. 1 , and we let t denote time.
The state variables are as follows.
1. c H 2 ͑x , t͒ is the hydrogen concentration ͑mol/ m 3 ͒ at time t at a cross-section of the GDL located at x, 0Յ x Յ L. 2. c v,an ͑x , t͒ is the concentration of water vapor at time t at a cross-section of GDL located at x, 0Յ x Յ L. 3. The liquid saturation s͑x , t͒ is the fraction of liquid water volume V L to the total pore volume V p , s = V L / V p . s is thus a concentration-like variable for the liquid water at time t, at a cross-section of GDL located at x, 0Յ x Յ L.
Also taken from Ref. ͓9͔ and simplified in Ref. ͓7͔ , the molar fluxes are driven entirely by the presence of a concentration gradient ͑i.e., diffusion͒ since bulk flow ͑convection͒ is neglected,
where D v ͑s͒ and D H 2 ͑s͒ are the effective diffusivity for water vapor and hydrogen, which depend on the water saturation s,
where D ,j is a constant that depends on GDL porosity ͑͒.
Gas Diffusion Layer
Model. The gas concentrations are
where r v is the evaporation rate defined as
The water ͑liquid and vapor͒ PDEs are coupled through this evaporation/condensation rate, where ␥ is the volumetric condensation coefficient and c v sat is the vapor saturation concentration. Note that evaporation can only occur if there is liquid water ͑s Ͼ 0͒ in the GDL.
Conservation of liquid mass is employed to determine the rate of liquid accumulation
where M v is the vapor molar mass, A fc ͑m 2 ͒ is the fuel cell active area, and l ͑kg/ m 3 ͒ is the density of liquid water. The mass flow of liquid water ͑W l ͑x , t͒ ͑kg/ s͒͒ is driven by the capillary pressure ͑p c ͒ gradient due to accumulation of liquid water in the GDL,
where l ͑kg/ms͒ is the liquid viscosity and K is the materialdependent absolute permeability ͑m 2 ͒, where the relative liquid permeability is K rl = S 3 . 
where rct indicates the reaction of H 2 at the anode catalyst, which depends on current density i, and F is Faraday's constant. For c v,e ͑x , t͒, similar mixed BC are imposed ͑e =an,ca͒
where N v rct = i / ͑2F͒ is from the formation of H 2 O at the cathode catalyst and the membrane water molar flux N mb is governed by electro-osmotic drag and back diffusion
which are driven by current density and the gradient in c v,e across the membrane, respectively. t mb is the membrane thickness. The electro-osmotic drag coefficient n d and the membrane water vapor diffusion coefficient D w both depend on the membrane water content, which is calculated from the average water activity on each side of the membrane as described in Ref. ͓6͔ . Although more complex models could be used that include liquid water transport and liquid pressure, we consider conditions for which there is little or no pressure difference across the membrane. Finally, for the liquid water PDE, mixed BC are again imposed. Specifically, since water passing into the GDL from the membrane is in vapor form due to the assumed presence of a microporous barrier layer
The liquid water boundary condition at the GDL-channel interface is an issue of ongoing research. A common assumption is that the hydrophobic nature of the GDL porous media essentially pushes the liquid water into the channel ͑formed of hydrophilic material͒ with zero resistance ͓9͔, or zero capillary pressure ͓11͔. On the other hand, Zhang et al. ͓2͔ and Sinha and Wang ͓12͔ suggested that the presence of liquid water on the GDL-channel interface constitutes a resistance to flow into the channel. There does not exist yet a physics-based method to relate the amount of liquid water in the channel to resistance to flow from the GDL. In Ref. ͓13͔ , various values of s͑L , t͒ were selected without stated reason and kept fixed for simulation, and in Ref. ͓12͔, a constant capillary back-pressure was assumed ͑7.7 kPa͒ without explanation for the choice. Since capillary pressure is determined as a function of the reduced water saturation ͑Eq. ͑7͒͒, setting values of S͑L , t͒ is equivalent to setting back capillary pressure.
A general form of the liquid boundary condition at the GDLchannel interface
as suggested in Ref. ͓14͔ accommodates many of the possible physical mechanisms reported in the literature. The only assumption is that g is a monotonic and exponentially bounded function of the mass of liquid water in the channel m lw ch ͑t͒. A form for g was not proposed because it was shown that control of m lw ch , and hence a bounded g͑m lw ch ͒, implies stability of the system. As a result, it is assumed that the liquid water at the channel will take a small, nonzero value, thus the channel liquid boundary condition is
Note here that by assuming, s ␦ Ͼ 0 in Eq. ͑19͒, our C/O results will be invariant to the specific functional form of Eq. ͑18͒.
Anode Channel Equations.
For the anode channel, the governing equations for hydrogen and water are
For generally humidified anode inlet flow with relative humidity ͑RH in ͒ and prescribed inlet flow rate ͑W H 2 in ͒ the inlet water mass flow rate is
where P v in =RH in P v sat and P H 2 in is the pressure of the dry inlet gas.
The H 2 and water vapor partial pressures, which represent the channel-side GDL BC, are calculated from
The liquid water mass in the channel
The anode exit flow rate to the ambient ͑amb͒ is modeled as a linearly proportional nozzle equation
where k out is an experimentally determined nozzle orifice constant and ū is a controllable valve signal 0 Յ ū Յ 1 operating a solenoid valve to remove accumulated channel water and, unfortunately, hydrogen 
The Semi-Analytic Solutions Model
We pursue model simplification via analytic solution for the purpose of gaining model fidelity without increasing model complexity. By residualizing states using their analytic solution, greater discretization can be accomplished for the states for which closed form solutions have not been found. Higher resolution will reduce the model error and provide more reliable insight into the physics of the system.
The full fuel cell model ͑both anode and cathode͒ has 24 states that can be grouped as follows.
• Gas constituents in GDL are 13.
• Liquid constituents in GDL are 6.
• Gas constituents in channels are 5.
Linear time scale decomposition and analysis of the eigenvalues at different channels and GDL water distributions in Ref. ͓2͔ indicate that there is a two order of magnitude gap between the minimum gas set eigenvalue and the maximum liquid set eigenvalue for modes within the GDL. The slow mode time constants ͑liquid͒ range from 2 s to 25 s, while the fast modes ͑gas͒ have time constants ranging 0.32 ms to 0.14 s. This large scale separation indicates that all gas concentrations ͑including the vapor water concentration͒ reach equilibrium very fast, and thus the system behavior can be approximated with their steady-state solution when the goal is to control the liquid water accumulation. 
The Water Vapor
The ␣ i are functions of the membrane water vapor transport ͑N mb ͒ and the anode channel condition
͑30͒
Determination of N mb given by Eq. ͑16͒ requires the knowledge of the water vapor concentrations on both sides of the membrane, which are found from
where the mb signifies that the value is taken at the membrane ͑x =0͒. The i , similar to the ␣ i , is dependent upon N mb and the cathode channel condition but are additionally influenced by the water vapor reaction term N v
Liquid Water Governing Equation.
An alternate form of the liquid water distribution in the porous medium is obtained by replacing the c v,an ͑x , t͒ coupling term in Eq. ͑11͒ by its steadystate solution ͑Eq. ͑27͒͒ ͑the time constant of the water vapor has been shown to be multiple orders of magnitude faster than that of the liquid water͒. Thus, for s Ն s im
and for 0 Ͻ s Ͻ s im
Figure 2 demonstrates that the steady-state solutions to the water PDEs lead to an exponential form for the vapor and a fractional power polynomial for the liquid. As shown in the figure, variation in the water vapor channel-side BC affects the liquid water distribution in addition to the obvious influence on the water vapor. When the channel water vapor is at saturation ͑dash-dot line in Fig. 2͒ , the anode GDL-channel liquid water flow is high and flooding occurs. Lowering the channel water vapor to c v ch‫ء‬ , the distributions change to the solid line and liquid accumulation stops because the GDL-channel liquid flow ceases. Continuous channel water vapor conditions below c v ch‫ء‬ result in the movement of the two-phase water ͑liquid and vapor͒ front from x fr = L to an equilibrium point within the GDL x fr Ͻ L ͑dashed line͒. Derivation, analysis, and discussion of the mobile front model and related mass transport claims are addressed in Ref.
͓8͔.
The lower subplot of Fig. 2 shows three different liquid water distributions. The three curves are close to each other because we picked a flooded operating condition very close to the balanced case. The proximity does not suggest, and should not be confused with, convergence.
Controllability/Observability
In Ref. ͓6͔, the six second-order PDEs describing reactant and water dynamics in both GDL are approximated by a coarse threesection spatial discretization of the GDL. The channel mass balance ordinary differential equations ͑ODEs͒ in each electrode are added to the GDL subsystem, leading to a 24-state nonlinear numeric model of ordinary differential-difference equations ͑full numeric model͒.
In the semi-analytic solutions ͑SAS͒, a combination of the quasi steady-state analytic solutions for the gas constituents ͑c H 2 ͑x͒ , c O 2 ͑x͒ , c v,an ͑x͒ , c v,ca ͑x͒͒ with the water saturation ͑s͑x , t͒͒ creates a numeric differential algebraic equation ͑DAE͒. Based on the model under consideration, a further reduction in the number of states is possible with the SAS. Since vapor only transport through the membrane is assumed, the modeled distribution of Transactions of the ASME liquid water present in the cathode GDL does not influence the anode water distributions ͑as long as s ca Ͼ 0͒. We therefore propose both 11-state and 7-state reduced models. A C/O analysis will determine whether it is mathematically possible to control the liquid water mass in the channel and hence, the GDL-channel BC to obtain Eq. ͑19͒, which is critical for the stabilization of the system. Linearization of both the numeric 24-state model and the reduced-order SAS models ͑11-state and 7-state͒, allows the generation of a state-space model form and use of C/O measures,
The analysis is based upon a linearized system of switching nonlinear equations. Switching is introduced from Eq. ͑6͒ and can be seen explicitly in Eqs. ͑32͒ and ͑33͒ of the semi-analytic solution. The C/O anaylsis, and hence system linearization, will be considered for three scenarios: s͑L , t͒ Ͻ s im ͑receding front shown by dashed line in Fig. 2͒ , s͑L , t͒ = s im ͑borderline nonflooding shown by solid line͒, and for net liquid flow into the channel ͑flooding with s͑L , t͒ Ͼ s im , shown by the dash-dotted line͒.
Choice of Controllability-Observability Test.
A number of C/O tests exist, ranging from the simple C/O matrix rank tests to computation of the respective Gramians to determine if they are positive definite. The application of C/O tests that depend upon the matrix rank evaluation proved to be unreliable for the model under consideration here due to the large condition number associated with the difference in mode speeds. Large condition numbers cause for concern, resulting in large differences in the singular values, which makes rank determination difficult.
In spite of the removal of the fast GDL gas states, the fast channel states remain, and thus the stiff system characteristics of our model lead to a large condition number. Unit scaling was performed to reduce the condition number but it can be shown that the minimum condition number ͑ min ͒ is still on the order of 10 6 . The basic C/O matrix rank analysis tests using matrix rank tests will thus be avoided here due to their reliance on interpretation of the rank of matrices. A large condition number makes interpretation of rank subjective, as a decision must be made regarding C/O based on singular value relative magnitudes even though those values may on the order of 10 30 . Further, the rank test does not provide information on which modes of the system are controllable/observable.
The Popov-Belevitch-Hautus ͑PBH͒ eigenvalue test has the benefit of being able to identify C/O for each mode because the controllability/observability test is applied for each eigenvalue/ mode i . The PBH eigenvalue method still requires rank determination of a matrix with a high condition number. The PBH eigenvector test, on the other hand, provides a simple means to associate modes and their relative controllability, yet does not require a matrix rank evaluation. The PBH eigenvector test is summarized from Ref. ͓15͔, let q i be the ith LH ͑row͒ eigenvector of A associated with the i eigenvalue q i A = i q i , then define as c i = ͉q i B͉ 2 . If c i is a small number, then i is an uncontrollable state from the inputs that form the B matrix. Similarly, let v i be the ith RH ͑column͒ eigenvector of A associated with the i eigenvalue Av i = i v i , then define as o i = ͉Cv i ͉ 2 . If o i is a small number, then i is an unobservable state from the outputs that form the C matrix.
The modes are tied to the physical states by inspection of the eigenvectors of the linearized system matrix A from Eq. ͑35͒. Most states are associated with only one eigenvalue ͑ i ͒ and the corresponding eigenvector has only one significant nonzero element, hence identification of the corresponding state is straightforward. However, some system modes are coupled with several states and the c i s for these groupings are plotted together in Table  1 . The o i s are listed in Table 2 . It is demonstrated that the degree of C/O is affected by the operating point. For example, with the inputs described in Sec. 4.2, greater controllability of the liquid water modes is obtained when the channel condition is subsaturated than when it is saturated. On the other hand, during anode flooding ͑which is associated with channel vapor saturation͒, though the GDL anode liquid water becomes uncontrollable, observability is gained using cell voltage output.
About Control Inputs and Outputs.
The possible control inputs for our system are related to channel constituent flow rates. In practice, both anode and cathode inlet streams can be humidified, though it is typical in our experiments to set the cathode inlet at 100% and the anode inlet at nearly 0% relative humidity, respectively. For this study, the general case of actuation via variably humidified inlet stream is assumed for both electrodes, thus the relative humidity control inputs are set near the midpoint of their potential ranges ͑40-60%͒ during linearization. From a control standpoint, it is beneficial to keep actuators away from the saturation limits, 0% and 100%, so that they may be used effectively.
Typical implementation methods for the reactant flow rates include pressure control and flow control. In flow control, the upstream pressure is held constant and a valve opening position is determined to provide the desired flow rate into the channel
where u flow ͓0,1͔ is the position of the upstream valve, p ch is the total pressure in the channel, p source is the pressure upstream of the channel inlet, and k in is an experimentally determined linear nozzle coefficient.
The flow in the channels can be related to reactant excess ratios H 2 and O 2 , which are important variables because they are used to assess the efficiency of the fuel cell through the reactant utilization. The controlled inputs that form the matrix B of the linear system are u = ͓RH an in ,RH ca in ,u flow an ,u flow ca ͔ ͑ 37͒
In this work, 12 cases are studied combining variations in operating point and degree of model order reduction. Table 3 lists the key cases considered ͑each condition from column one is tested for each model of column two͒. The reduced state models are included in the analysis to confirm that the model reduction has not adversely affected the C/O. Additionally, for the 11-state model, four more tests combining the two practically available outputs were compared. The voltage output, based on a voltage model ͓6͔, and measurement of relative humidity ͑͒ in the channel were compared for flooding and borderline cases. The point is to determine the effect on observability for each of these outputs alone and together. The voltage model enables the greatest range of observable states, due to its dependence upon liquid water in the anode channel, concentrations of oxygen, hydrogen, water vapor at the membrane, stack current, and temperature ͑as shown in
whereas relative humidity is only a function of water vapor concentration and temperature,
The total channel pressure P ch,an is assumed to be constant.
Surrogate States for Reduced Models.
Residualization of the fast states by analytic solution to form algebraic equations has an influence on the state matrices of the fuel cell model. For example, in the full numeric 24-state model, the water vapor was a dynamic state in each spatially-discretized section. Upon implementation of the analytic solution for c v,e ͑x , t͒, the water vapor dynamic states are removed and the analytic solution is inserted into dynamic state equations for s an ͑x , t͒. Given identical operating conditions, the SAS reduced model has very different state equations, as shown by Eqs. ͑40͒ and ͑41͒. Residualization of the fast states has transferred the contributions of the gas states in the full numeric model to the remaining dynamic states in the reduced-order model that determines their analytic solutions. These surrogate states are the boundary conditions for the analytic solutions implemented.
When reducing the full numeric system to a reduced-order system under nonflooding conditions, with i = 0.25 A cm −2 , T = 333 K, RH an in = 40%, H 2 = 285%, and voltage output, the linearized output matrix C is altered, 
͑40͒
Using as an example the liquid saturation nearest the channel, the state equations also change ṡ an ͓3͔ full = 0.11s an ͓2͔ − 0.13s an ͓3͔ + 0.016c v,an ͓3͔ ṡ an ͓3͔ red = 0.08s an ͓2͔ − 0.04s an ͓3͔ + 0.02m w,an ch
͑41͒
The hydrogen, oxygen, and anode vapor contributions have been related to their channel BC through the analytic solution and are represented by the associated channel states. The generation of water at the membrane and the humidification of the cathode inlet stream tends to lead to a condition of constant flooding and supersaturation in the cathode GDL. With the removal of the dynamic water vapor states, the cathode GDL water vapor distribution is influenced only through the membrane by the anode water vapor distribution. In the full numeric model, membrane water content is a function of the humidities in both anode and cathode at x = 0. However, with the removal of water vapor states, Table 4 shows that the water vapor concentration membrane gradient becomes only a function of channel water vapors. Thus, if a channel water vapor condition becomes saturated, it is no longer a dynamic state, with that state's impact on the input/output relegated to changes in c v sat ͑T st ͒.
Controllability/Observability
Results. The results of the C/O analysis achieved by varying the subsaturated anode inlet gas feed rate for an operating condition near the borderline case between flooding and receding liquid water distributions in the anode GDL of a PEMFC is presented. Although the linearization results presented in this work consider only one operating current density and temperature, both of which have a strong nonlinear influence on the model, by considering the three cases ͑flooding, borderline, and receding͒ the major switching nonlinearity in the The C/O tests for the various cases result in the following conclusions ͑from data shown in Tables 1 and 2͒. 1. Under flooding conditions ͑nonzero liquid water in the channel͒, the masses of water in the channels are controllable modes and can thus be steered back to zero with the system inputs ͑shaded cells in Table 1͒ . 2. The GDL liquid water modes ͑s an GDL , s ca GDL ͒ are controllable under all nonflooding conditions ͑Table 1͒. 3. During flooding, the water vapor ͑c v,e ͒ and liquid water modes in the GDL are uncontrollable. Small changes in anode inlet/outlet flow characteristics do not influence water vapor concentration in the channel because of the model assumption that super-saturation is not obtainable, thus until the channel liquid water is removed; influence on GDL water states is effectively blocked. 4. Under nonflooding conditions, the connection ͑Eqs. ͑1͒ and ͑3͒͒ between water vapor and liquid water in the 24-state models enables weak observability through the water vapor presence in the voltage model. This observability is lost in the reduced-order models because the weak link between vapor diffusivity and liquid water was eliminated to obtain the analytic solution of the water vapor concentration PDE. 5. With cell voltage as an output, observability of anode liquid water improves with flooding conditions as the liquid water is seen in the degradation of the voltage ͓4͔ due to liquid buildup ͑shaded cells of Table 2͒ . 6. The number of observable modes increases significantly with use of voltage output versus the use of relative humidity alone due to the many states contributing to the voltage estimation. 7. Use of relative humidity output alone results in unobservability for all system modes during flooding ͑Flooding 11H case, Table 2͒ .
8. Combination of both outputs does not increase the number of modes that are observable due to output state redundancy; however, observability of the channel water modes improves when both outputs are used ͑dash-dot border cells in Table  2͒ . 9. A deficiency in the model is suggested by the controllability/ observability results for the water vapor concentrations at the membrane. A water vapor mode with an equal influence from both anode and cathode sections nearest the membrane is both extremely fast and has very low controllability ͑four orders of magnitude less than the other GDL water vapor modes. This inconsistency is expected to be directly to the lack of dynamics in the membrane water transport model ͑double-line border in Tables 1 and 2͒ .
The significance of the above results can be summarized.
1. Though GDL liquid modes are not controllable under flooding, stabilization of the anode water dynamics is possible since the unstable anode channel water mass is controllable. 2. The unobservable anode channel water mass when is the only output during flooding implies that though the water mass can be driven to zero, the controller will not have any information on when the mass will be eliminated. If integral control is used, wind-up will be a concern. A combination of cell voltage and relative humidity outputs would alleviate this issue by making the water mass observable. Each of these two outputs provides important information lacking in the other; voltage output informs the controller that actuation is needed and has information regarding whether drying or flooding is causing the voltage loss. 3. Together with channel liquid controllability above, controllability of the GDL liquid modes under all nonflooding conditions implies that the GDL liquid distribution can be shaped by the proposed inputs. 4. As the GDL liquid state s͓3͔ nearest the channel falls below the immobile saturation, controllability of liquid modes is essentially unchanged, providing evidence that the system "switch" from nonzero to zero liquid flow into the channel will not be an issue for control around the desired setpoint.
Conclusions
The C/O analysis applied to the reduced and full order unit fuel cell models of liquid water transport within the anode GDL of a PEMFC indicates that the liquid distribution within the GDL is controllable during nonflooding channel conditions, implying that practical fuel cell inputs can be effectively used to prevent anode flooding. Further, the channel water mass is controllable even under flooding conditions. Under flooding conditions, the combination of voltage and channel humidity outputs renders the channel water mass observable, thus state feedback to stabilize the channel water is feasible. Use of channel humidity as the sole output is of questionable value as the channel water mass is not observable during flooding conditions. 
